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ABSTRACT 

In 1992, Wi lson  and  Zelmanov proved tha t  a profinite Engel  group is 

locally ni lpotent .  Here we prove the  s t ronger  result  t ha t  every compac t  

Engel  group is locally ni lpotent .  

1. I n t r o d u c t i o n  

A group is called Enge l  if every two elements a, b of the group satisfy a relation 

of the form 

[... [[a, b], b] , . . . ,  b] = 1, 

where [a,b] = a - l b - l a b ,  the c o m m u t a t o r  of a and b. Following the "left- 

normed" convention, we write the left-hand side of the above Engel relation as 

[a, b , . . . ,  b] or, more briefly, as [a,,b], where n denotes the number of entries of 

b. In general the number n may depend on both elements a and b. If for some 

positive integer n the identical relation [z, mY] - 1 holds for all elements x and 

y of the group, we call the group n-Engel ,  and say that the group satisfies the 

n -Enge l  law. Thus we have two types of Engel condition. By applying the main 

result from [1] (corrected in [2]) one obtains a structure result for compact groups 

satisfying an Engel law. Indeed, since every compact group is a subdirect product 

of closed subgroups of unitary matrix groups ([3, Corollary 22.14, p. 345]) and 

by Mal'cev's Theorem (see for instance [7]) a finitely generated linear group is 

residually finite, we have immediately that compact groups are locally residually 

finite, and so lie in the "good" class of "locally graded" groups (see [2]). By the 
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main result from [1, 2] characterizing the n-Engel groups from that class, we thus 

immediately obtain the following 

PROPOSITION: A compact n-Engel group is both nilpotent-by-finite exponent 

and finite exponent-by-nilpotent. 

Our main result concerns compact groups satisfying the more general Engel 

condition. In [8] Wilson and Zelmanov proved that a profinite Engel group is 

locally nilpotent. Here we prove the following stronger result. 

TREOREM: Every compact Engel group is locally nilpotent. 

As an immediate consequence we have the 

COROLLARY: A compact group is locally nilpotent if and only if each of its two- 

generator subgroups is nilpotent. 

2. Preliminary facts 

For us all topological groups are assumed Hausdorff. Throughout the paper all 

neighbourhoods will be assumed open. For basic facts about the structure of 

topological groups we refer to [3]. If U is any open neighborhood of 1 in a topo- 

logical group, then it is easy to see that there exists a symmetric neighborhood 

Us of 1 contained in U, i.e., such that  Us = U j  1 C_ U. If the group is compact we 

can choose a symmetric neighborhood Us which is also invariant under all inner 

automorphisms of the group (see [3, Theorem 4.9]). 

We shall assume throughout that all neighborhoods of I in compact groups are 

symmetric and invariant under the inner automorphisms. 

Let C be any compact group, and al . . . .  , ak any k elements of C, where k is 

finite. Throughout the paper D will denote the abstract subgroup of C generated 

by a l , . . . ,  ak, and G the subgroup generated as topological group by a l , . . . ,  ak. 

Thus G is the closure of D in C, and is therefore a compact topological group 

under the subgroup topology induced from C. Our aim is to show that D, and 

therefore G, is nilpotent. 

For any neighborhood U of 1 in G and any positive integer n, there exists a 

neighborhood V of 1 such that V n _C U, where V n is the set of all products of n 

elements from V. (This can be seen as follows: By the definition of a topological 

group, for each pair of elements a, b E G and for each neighborhood U of ab, there 

exist neighborhoods X of a and Y of b such that X Y  C_ U. Taking a = b = 1, we 

obtain, for each neighborhood of 1, neighborhoods X, Y of 1 such that X Y  C_ U. 

Hence for V := X n Y ,  we have V 2 C_ U, and so on.) We write U(n) := V, 
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where V n C U. Since all neighborhoods of 1 are understood to be symmetric 

and invariant under inner automorphisms, for any x E U(2) and y E G we have 

[x,y] = x -1 .  y - l x y  E U(2) 2 C_ U. 

The group G is covered by neighborhoods of the form Ug, g E G. Since G 
8 is compact there are finitely many elements d l , . . . ,  ds such that G = Ui=l Udi. 

In fact we can for suitably large s always find such elements d l , . . . , d s  in D. 

To see this observe first that there exist elements Cl . . . . .  Cs E G such that G -- 

U~=I U(2)c~. Then since the group D is dense in G we can find di e D N U(2)ci 

for i = 1 . . . . .  s, whence U(2)c~ C_ U(2)U(2)-ldi C_ U(2)2di c_ Udi. Hence 
8 G = U~=l Udi. 

We denote by 7n(/()  the nth term of the lower central series of any group K. 

For each positive integer n consider the closed subset 

Tn = { (x ,y )  e C × Cl[x , , y ]  = 1}. 

Since G is Engel, the group G × G is the union of countably many closed subsets 

T1,T2,.. . .  By the Baire Category Theorem (see for example [4]) at least one 

of these subsets, say Tin, contains an open neighborhood. Hence we can find 

elements gt, g2 E D, and a neighborhood U of 1 in G such that for all elements 

x, y C U the following relation holds: 

(1) [xgl, mYg2] = 1. 

Throughout the paper we hold fixed the neighborhood U and the elements gl, g2 E 

D. 

The following commutator relations, valid in any group for any elements x, y, z, 

will be used repeatedly: 

(2)  x y  = y x [ x , y ] ,  [x, yz] = [xu, z] = [x,z][x ,z ,y][y ,z] .  

Our proof will use the notion of the local ly  n i l p o t e n t  r ad ica l  of an N- 

graded Engel Lie ring. Let L = ~ Li be a N-graded Lie ring, that is, such that 

[Li, Lj] C_ Li+j for every i and j .  We define such a graded Lie ring L to be 

Enge l  if every homogeneous element xi E L i  is Engel, that is, [y, nxi] = 0 for 

some positive integer n = n(xi) depending only on xi, and for every y C L. An 

ideal I of L is h o m o g e n e o u s  if it has the form I = ~ ri where Ii C_ Li. The 

analogue for Engel Lie rings of the following proposition is well-known, and goes 

over to N-graded Lie rings via essentially the same proof (see [6, 10, 12]). 
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PROPOSITION 2.1: Every N-graded EngeI Lie ring L has a unique homogeneous 

locally nilpotent ideal Loe( L ) which contains all other homogeneous locally nilpo- 

tent ideals. The quotient ring L / Loc( L ) contains no nonzero homogeneous locally 

nilpotent ideals. 

The ideal Loc(L) is called the local ly  nilpotent radical of L. 

3. Nilpotence of the associated Lie ring 

Let D~ = ~/i(D) denote the i-th term of the lower central series of D. Considcr 

the Lie ring L associated with D: 

L = D1/D2 • D2/D3 0 . . . .  

The Lie ring structure on L is defined via the bracket.s 

[xiD~+l, yjDj+I] := [xi, yj]Di+j+l, 

where xi E Di and yj G Dj. The Lie ring L is thus generated by the finite set 

{ a iD2 , . . . ,  akD2}, where al . . . . .  ak are, as above, the generators of D. 

In this section we show that the Lie ring L is nilpotent. To this end, we first 

establish that the graded Lie ring L is Engel, and then deduce that L coincides 

with its locally nilpotent radical. Since L is finitely generated it will then follow 

that  it. is nilpotent. 

LEMMA 3.1: Corresponding to each neighborhood V of i in G, therc exists a 
positive integer t = t(V) satisfying the following condition: for each pair of 
elements a ,x  E G, there exist integers 0 < nl < n2 <_ t such that [x, nla] = 

v[x, n2a] for some v C V. 

Proof: Since the group G is compact there exist elements g l , . . . , g t  such that 
t G = Ui=I V(2)gi. Therefore, there exist integers 0 _< nt < n2 < t such that 

[x, nla] = vlgi and [x, n2a] = v2gi for some i and some vl,v2 e V(2). Hence 

[x, nla] = V[X, n2a] where v = VlV; a e V(2) 2 C_ V. | 

LEMMA 3.2: The N-graded Lie ring L is Engel. 

Proof." Given any element a E G and any positive integer i, consider the closed 

set Ti = {x C G[[x, ia] = 1}. Since the group G is Engel, it is the union of 

countably many closed subsets T1, T2 . . . . .  As before, by the Baire Category 

Theorem one of these subsets, Tn say, contains an open neighborhood. Hence 
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there exists a neighborhood V of 1 in G and an element g G G such tha t  for 

every v E V the following relation holds: 

(3) [vg, na] = 1. 

By an easy induction using the relations (2), a commuta to r  of the form [xy, nz] 
can be shown to be expressible as 

(4) [xy, ,,z] = Ix, nz][Y, nz]p(x, y, z), 

where p is a product  of commuta tors  in x, y and z each involving all of x, y and 

z, with z occurring in each at least n times. Since 1 G V, we may take v = 1 in 

(3), obtaining [g, ~a] = 1. Hence 

1 = [vg, ha] = [v, =a][g, ,a]p(v, g, a)= Iv, ,a]p(v, g, a), 

tha t  is, for each v E V we have 

(5) [v, ha] = p(~,, g, a) -1, 

where p is a product  of commuta tors  in v, g and a, each involving all of v, g, a, 

with a occurring in each at least n times. By Lemma 3.1, corresponding to each 

element x E G there exist integers n l , n 2  with 0 < nl  < n2 < t = t(V), such 

tha t  [x, nla] = v[X, n2a] for some v e V. Setting v = [X,n,a][X,n~a] -1 in (5), we 

see tha t  the commuta to r  [[x, ,~la][x, n~a] -1, ha] can be rewrit ten as a product  of 

commuta tors  in x, g and a, each involving all of x, g, a, with a occurring in each 

at least n l  + n times. On the other hand, by (4) 

[[X, n l  a] [x, n2  (t]--I na ] = [[X, nl a] ,  ha] [[X, n2 a]-l,  na ]p([x, n~ a], [x, n2 a]- 1 a), 

whence 

[[3.:, n,a], n a] = [[X.~ n,a][:~r, n2a]  - I  , ha]p([3: ' ,  .q~. (t], [X, n2a]  - I  , a ) - I  [[x, n 2 a ]  - 1  , n a ]  - I  . 

By the preceding observation concerning the commuta to r  [[x, n, a][x, n2a]-1, ha], 
and since n l  < n2, the last equation can be used to express the commuta to r  

[Ix, nla], ~a] = Ix, ~ + n a ]  as a product  of commuta tors  in x, g, and a of weight 

> n l  + n +  1, each involving x and a, with a occurring in each at least n l + n  times. 

For every x the integer n l  < t = t(V). Hence for each x E G the commuta to r  

Ix, t+na] can be rewrit ten as a product  of commuta tors  in x ,g ,  and a of weight 

> t + n + 1, each involving z and a, with a occurring in each at least t + n tilnes. 

Taking a E D i, and writing ~ :=  aDi+l G Li, the last s ta tement  implies tha t  

[x, t+~O] = O, 
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for every x C L. fl 

From this lemma and Proposition 2.1 we infer immediately 

COROLLARY 3.1: The  graded Lie ring L has a locally nilpotent radical Loc(L) .  

Now let U be the neighborhood of 1 in G specified in Section 2, and write 

V :-- U(rn). Thus for any elements V l , . . . ,  Vm C V = U(m) ,  the product v l . . .  Vm 

belongs to U, and by (1), for any element v0 C U, we have 

[v0gl, m v t " "  vmg2] = 1. 

By means of (1), namely [xgl,myg2] = 1 for all x , y  E U, and the identities 

(2), the last relation can be translated into the following one: 

(6) H [vo, vo(l) . . . .   (v0,vl . . . . .  vm,g,,g2)O, 
aESym(m) 

where 5 is a product of commutators  in v0, V l , . . . ,  Vm, gl, g2, each involving all of 

Vo, Vl , . . . ,  Vm and of weight at least m + 2, and 0 is a product of commutators  in 

Vo, Vl , . . . ,  Vm, gl, g2, each of which does not involve at least one of Vo, v l , . . . ,  Vm. 

Without loss of generality we can assume that  0 = 000~, where 00 is a product 

of such commutators  involving Vo, and 0~ is a product of such commutators  not 

involving v0. Since 1 E V, by putt ing v0 = 1 in (6) we infer that  0~ = 1. 

We may therefore assume that  all commutators  in 0 involve vo. Repeating this 

argument for each vl . . . . .  vm in turn, we see that  0 = 1. Hence for any elements 

vo . . . . .  vm ~ V we have the relation 

(7) l '-I [Vo, Va(1),-- .,Va(m)] -~ (~(YO, Vl . . . .  ,Vm,gl ,g2) ,  
aESym(m) 

where 5 is a product of commutators  in vo, Vl . . . . .  vm, gl, g2, each involving all 

of Vo, vl . . . . .  Vm, and of weight _> m + 2. 

As observed in Section 2, there exist elements d b . . . ,  dt E D such that  G -- 

Uti=l V(2)di. (Note that  by the proof of Lemma 3.1 we may take this number t 

to be the number t (V )  of that  lemma.) 

For each element a E G we choose a fixed element d(a) E {dl . . . .  , dt} such 

that  a E V(2)d(a) ,  and define the subset 

A(a)  := {d([a, x l  . . . . .  Xs])l x l  . . . . .  x~ e G, s >_ O} C {d l , . . . , d t } .  

(Here for s = 0, we set [a, x l  . . . . .  xs] := a.) 

We are now ready to prove the main l e m m a .  
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LEMMA 3.3: The Lie ring L is nilpotent.  

Proof: I t  suffices to show that  the finitely generated, graded, Engel Lie ring L 

coincides with its locally nilpotent radical Loc(L) .  This will follow from the fact 

that  for an arbitrary element a E %(D)  = Dr,  the element ~ := aDr+l E Lr 

generates a locally nilpotent ideal in the Lie ring L. We establish this fact by 

induction on the number ]A(a)] of elements in the set A(a).  

We begin with the initial step ]A(a)] = 1, that  is, A(a)  ---- {d} for some 

d E { d l , . . . , d t } .  

Let I denote the ideal in L generated by the element a. The ideal I is 

spanned by elements of the form ~ = cDj+l  with c = [a, a i l , . . . , a i s ] ,  where 

ai~ , . . . ,a i~  C D, s >_ O, and j = r + s. For any m + 1 elements Co = coDjo+l, 

cl = clDj~+l . . . . .  cm = cmDjm+l of this form, we have Co = uold, Cl = Ulld, 

. . . .  Cm = umld  for some uol, U l l , . . . ,  urn1 E V(2). Since d([ci, al]) = d for all 

i, we have again [co, al] =- uo2d, [cl, al] = u12d . . . . .  [Cm, al] = um2d, for some 

Uo2, U12 . . . . .  urn2 E V(2). Hence ci[c~,al] -1 = UilU-~ 1 E V,  for i = 0,1 . . . .  ,m.  

Put t ing v~ = ci[ai,al] -1 for i = 0, 1 , . . .  , m  in (7), we infer that  the product 

H [C0[C0' a l ] - l '  Ca(l)[C°'(1)' a11-1 . . . .  , c~,(m)[co(m), all -1] 
aESym(rn) 

can be rewritten as a product of commutators  in co, cl . . . . .  c,~, a~, gl,g2, of 

weight _> m + 2, each involving all of Co, c l , . . . ,  Cm. On the other hand, using the 

relations (2) this product can be expressed as a product of 

H [CO'Ca( 1)'''''Ca(m)] 
aESym(rn) 

with certain other commutators  of weight _> m + 2, involving all of Co, Cl . . . . .  cm. 

Hence the product I-Ioesym(m)[Co, co(1), . . . ,  Co(m)] can be rewritten as a product 

of commutators  of weight >_ m + 2, involving all of co, cl . . . . .  cm. In the Lie ring 

L this gives 

Z . . . . .  : 0 
aESym(m) 

Since elements of this form span the ideal I ,  we infer that  the Engel ideal I 

satisfies the linearized m-Engel condition, and therefore, by a result of Zelmanov 

[14, Proposition 2], is locally nilpotent. Hence a C Loc(L) .  

For the inductive step we assume that  IA(a)l = q + 1 for some q _> 1, and that  

for all j and all b E Dj  such that  IA(b)l < q, the element b = bDj+~ belongs to 

Loc(L) .  Again we consider the ideal I in L generated by the element ~. Write 
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K := I N Loc(L). The  quotient  Lie ring I / K  is spanned by elements of the 

form ~ +  K ,  where ~ := cDj+l for some Dj+I, and c = [a, ah, . . . ,ai~] for some 

a i l , . . . ,  ai~ E D. We want  to show tha t  in fact I C_ K .  Assuming this is not the 

case, consider m + 1 a rb i t ra ry  nonzero elements  of this form, say c i + K ,  where 

ci G D ~  and ci = ciD~+l for i -- 0,1 . . . .  ,m .  Since for every i the element 

~i ~ I(  C_ noc(L), we must  have IA(ci)l = q + 1. Since A(ci)  C_ A(a)  and A(ci)  

contains the same number  q + 1 of elements as A(a) ,  we have A(ci)  = A(a)  for 

every i. 

For every i, the ideal generated by ~i cannot  be locally nilpotent ,  since other-  

wise, by Proposi t ion  2.1, the element ci would lie in K .  Hence also [ci, L] q: K ,  

since otherwise ~i would represent  a homogeneous nonzero central  element of 

L/Loc(L),  which is ruled out by the final assert ion of Proposi t ion 2.1. Since the 

Lie ring L is generated by the finitely m a n y  elements ~t = aiD2 . . . . .  g~k -- akD2, 
there exists for each i an element a~l E {hi . . . . .  ak} such tha t  

[~i, 04,] = [ci,ail]Dr~+2 ~ K. 

Hence I/~([ci,(til])l =--- q-~ 1. Since A([ci ,a i l ] )  C A(a) ,  and bo th  sets contain 

the same number  q + 1 of elements,  we deduce tha t  A([ci, hi1]) = A(ci)  = A(a)  

for each i. I t  follows tha t  if ci = u~ld(c~) for some uil E V(2),  then for some 

x i 2 , . . . ,  xis C G the element bi := [ci, hi1, x i 2 , . . . ,  Xis] = ui2d(ci), for some ui2 E 
V(2). Hence cib:~ ~ = UilU~ 1 E V for all i. Making the subst i tu t ion vi = cib( 1 
for i = 0, 1 . . . . .  m, in (7), we infer tha t  the produc t  

H [c0bo 1' ca(1)b~(ll) ' "''' Ca(m) b-l(7(m)] 
aESym(m) 

can be rewri t ten as a product  of commuta to r s  of weight _> m + 2, each involving 

all of co, c l , . . . ,  Cm. On the other  hand,  using the relations (2) this p roduc t  can 

be expressed as a product  of 

H [co, co(l) . . . . .  Co(m)] 
oESyrn(m) 

and certain comnmta to r s  of weight >_ m + 2, each involving all of co, C l , . . . ,  Era. 

Hence the produc t  Hoesym(m)[Co, co(1) , . . . ,  Co(m)] can be rewri t ten as a p roduc t  

of commuta to r s  of weight > m + 2, each involving all of Co, cl . . . . .  Cm. In the Lie 

ring L this yields 

Z . . . .  = o. 
oESyrn(m) 
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Since the latter equation implies that the quotient Lie ring I / I f  satisfies the 

linearized m-Engel condition, we infer as before from Zelmanov [14, Proposition 

2] that the Engel ring I / K  is locally nilpotent. Since the ideal K is locally 

nilpotent and the graded ideal I is Engel, we deduce that tile ideal I is itself 

locally nilpotent, whence I C Loc( L ). | 

4. P r o o f  o f  the  T h e o r e m  

The group G is nilpotent if and only if the dense finitely generated subgroup D is 

nilpotent. By Lemma 3.3 there exists a positive integer c such that %(D) C_ 7i (D) 

for every i. It thus suffices to observe that the group D is residually nilpotent. 

This follows from the fact noted in the introduction, that G is a subdirect product 

of groups of unitary matrices, so that its subgroup D is a subdirect product of 

finitely generated linear groups, and hence residually finite. Since D is also 

Engel, and finite Engel groups are nilpotent (Zorn's theorem), it follows that D 

is residually nilpotent, and therefore nilpotent of class at most c. II 
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